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Abstract
The simple cubic lattice Green function
1
G, 0y, 30, W) = ——
(€1, £2, €3 ) )

/ / /ﬂ exp —1(£101 + £,0, +£393)] 46: do- do
1 do2 db3
xd—xJ=—

— o cosf; — cosbH, — cosbs

is investigated, where {{i, {5, £3} is a set of integers, w = w; + iw, is a
complex variable and « is a real parameter in the interval (0,00). In
particular, a new and direct method is used to prove that G(2n, n, n; o, w)
and G(n,n,n; 1, w) can be expressed in terms of a product of two ,F)
hypergeometric functions, where n = 0, 1,2, .... In earlier work, Delves
and Joyce obtained these , F; product forms by solving complicated fourth-
order linear differential equations of the Fuchsian type. In this paper Fourier
generating functions and a known Lie group addition theorem play crucial roles
in the derivation of the product forms. Many-term recurrence relations are also
derived for G(2n, n, n; o, w) and G(n, n, n; o, w).

PACS numbers: 02.20.—a, 02.30.Gp

1. Introduction

In this paper we shall consider the simple cubic lattice Green function

T e 0101 + £,60, + £30
/ / / Xp [—i(€101 + €20, + £363)] 6, d6, 065 (L1)
I

Gy, Ly, L3,
(b1, €2, £33 00, w) = 2 W—acosf; —cosbty — cos b

(2m)?

where {{1, £5, £3} is a set of integers, w = w) + iw, is a complex variable and « is a real
nonzero parameter in the interval (—oo, 00) (see Berlin and Kac (1952), Montroll and Potts
(1955), Montroll (1956), Maradudin et a/ (1960), Katsura et al (1971), Joyce (1973), Delves

1751-8113/07/298329+15$30.00  © 2007 IOP Publishing Ltd  Printed in the UK 8329


http://dx.doi.org/10.1088/1751-8113/40/29/009
http://stacks.iop.org/JPhysA/40/8329

8330 R T Delves and G S Joyce

and Joyce (2001), Kobelev and Kolomeisky (2002), Joyce et al (2003)). It is readily seen
from (1.1) that

Gl, b, b3; —a, w) = (=)' G Ly, &, 435 @, w). (1.2)

We shall, therefore, restrict our attention to the case o € (0, co). It should also be noted that
Gy, ¢y, £3; o, w) is an even function of the integer variables {¢;, £, £3}.

The triple integral (1.1) defines a single-valued analytic function G (¢4, £;, €3; &, w) in
the complex (w;, w;) plane provided that a cut is made along the real axis from w = -2 — «
to w = 2 + «. We shall denote the set of points (w;, w,) in this cut plane by C~. For many
applications in solid-state physics (Koster and Slater 1954, Wolfram and Callaway 1963,
Katsura et al 1971) one requires the limiting behaviour of G (£, £, ¢3; a, w) as w approaches
the upper and lower edges of the cut in the (w;, w,) plane. It is convenient, therefore, to
introduce the definitions

GE(ly, 6, 635 0, wy) = lim G(€y, &, £3; o, wy & iv) (1.3)
v—0+

where -2 —a < w; < 2+a.

Recently, Delves and Joyce (2006) have shown that the function G(2n,n, n; o, w)
can be expressed in terms of a product of two hypergeometric functions of the type
2F1(%, %; n+1; r)i), where n = 0, 1,2, ..., and n+ = n+(a, w) are algebraic functions of
(a0, w). This product form was obtained by first proving that wG (2n, n, n; o, w) is a solution
of a fourth-order linear differential equation of the Fuchsian type with seven regular singular
points. It was then shown that any solution of this differential equation could be written in
terms of a product of solutions of two second-order differential equations in normal form.
Finally, Schwarzian transformation theory was used to solve the second-order differential
equations in terms of , | hypergeometric functions. Similar methods have also been used by
Joyce and Delves (2004) to demonstrate that G (n, n, n; 1, w) can be evaluated in terms of a
product of two hypergeometric functions of the type , F| ( %, %; n+1; Si), where &4 = &4 (w)
are algebraic functions of w.

Our main aim in this paper is to develop a new and direct method for deriving the , F;
product forms for G(2n, n, n; o, w) and G(n, n, n; 1, w). In section 2 we shall first determine
an exact formula for the Fourier generating function

For(oa,w) = Y GQn,n,na, w)Q" (1.4)

n=—00

where 2 = exp(iyy). From this result we obtain the integral representation

GQ2n,n,n; o, w) = % Fra (¥, a, w) cos(ny) dyr. (1.5)
0

Next a known Lie group addition theorem (Miller 1968) is used to establish a new

integration formula which enables one to express (1.5) in the required , F| product form.

A similar procedure is used in section 3 to obtain the , | product form for G(n, n, n; 1, w).

Finally, in section 4 many-term recurrence relations are derived for G(2n, n, n; o, w) and

Gn,n,n;a, w).

2. Results for G(2n,n,n; o, w)

In this section we shall illustrate the new method by deriving the ,F; product form for
GQ2n,n,n;a, w).
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2.1. Fourier generating function F, 1 (Y, a, w)

We begin by defining the more general Fourier generating function

o0
Frn (W, w) = Y GOun, don, n; @, w) exp(iny) .1
n=—0oo
where Ay, 1, =0, 1,2..., and A1, A, have no common factors. Next, we introduce the Fourier
series
o0 1 T
S a, w; 01,60, = Z eXP(imﬂ)Z/ exp(—ind) fi, 1,0, a, w; 01,6,)do  (2.2)
n=—00 -
where
Frraa (W, w; 01, 62) = [w — a cos O — cos B — cos(P — 116 — Ag@z)]_l. (2.3)

The integration variable in (2.2) is now changed from 6 to 65 using the substitution
0 = 603 + A0; + X205, and then both sides of (2.2) are integrated with respect to 6; and
0, from —m to 7. This procedure yields

1 T b3
Fua (W, o, w) = W/ / (U, o, w; 01, 0,) doy do,. (2.4)

For the particular case A; = 2,1, = 1 it can be shown that 7, (¥, @, w) is an odd
function of w which is single-valued and analytic in the w plane provided that [w| > 2+ «. In
order to determine F; ; (¥, o, w) we shall assume, at least initially, that w is real and positive
with w € (2 + «, 00). After performing the integration over 6, it is found that

1
-7:2,1(1/,7 o, w) = E/

-7

b/

[y e, w; 0))] 2 doy 2.5)
where

g1 (Y, a, w; 0)) = w? — 2aw cos O + |:oc2 — 4 cos? <%>] cos? 6,

— 8sin (%) cos (%) sin 6 cos @, — 4 sin? (%) sin® ;. (2.6)

General methods for evaluating trignometric integrals of the type (2.5) have been
developed by Jacobi (1969, p 195). From this work we find that

1 11X
F L0, W) = Fil-, =1 — 2.7
21 ) x> 1<2 3 X+) 2.7
where
1 1 ;
Xe=(w+4—a?) £ 5[wt —2(4+ad)ul+ (16+a* —8a’cosy) | 2.8)

are the solutions of the quadratic equation
OX; v a,w)=X>— (w'+4 —a®)X +2(2w’ — &® + &’ cos ) = 0. (2.9)
It should be noted that the Jacobi method usually involves solutions {X; : j =1,2,3} of a
cubic equation. However, for the particular integral (2.5) this cubic equation can be written in
the simpler form X Q(X; ¥, o, w) = 0.

It is possible to simplify (2.7) and extend its range of validity by applying the standard
transformation formula (Erdélyi et al 1953, p 113, equation (34))

(L L) =aentn |t 3 % (2.10)
2171 2127 s Z - Z 21471 4947 1(1+Z)2 . .
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Hence, we obtain
For (¥, , w) = w? : Fo(L 2 .11
w1 (Y, o, W) = W4 —o? 21 s X4 .
where
(2w2 —a? +a’cos w)

(w2 +4— a2)2

Xy =x4(Y, 0, w) =8 (2.12)

Formula (2.11) is valid in a region D;(y, «) of the cut w plane which includes the

neighbourhood |w| > 2 + «. The boundary of D; (¥, ) lies inside the circle |w| = 2 + o and
consists of a point set S(¥, o) defined by {w : x4(¢, @, w) € (A}, 00)}, where

4
A = A (Y, @) = Max |:1,4_Ol2COSZ (%):| (2.13)
The special points w = £+/a? — 4 are also on the boundary of D; (¥, @), and are limit points
of S(¥, ). When w & D, (¥, «) it is necessary to replace the , F| function in (2.11) by its
analytic continuation on a second Riemann sheet (see Delves and Joyce (2006), p 4130).
Finally, it follows from (2.1) and (2.11) that
1

w> b
GC2n,n,no,w) = ———
wGQ2n,n,n; o, w) (w2+4—a2>

1 (7 13 (2w? —a? +a*cos ¥)
x—/ JF | =, = 1;8 cos(nyr) dyr. (2.14)
T Jo 4 4

(w?+4 - a2)2

2.2. Lie Group addition formula given by Miller

Joyce and Delves (2004) have used raising and lowering operators to derive recursion formulae
for the two Heun functions which occur in the product form for G (n, n, n; 1, w). It was noted
that these operators can be related to the generators for the Lie algebra G(1,0). We shall
now show that an addition formula for the Lie Group G (1, 0) enables one to establish an , F;
product form for the integral in (2.14).

In the work of Miller (1968) on the representations of the Lie group G (1, 0) it is proved
that the , | hypergeometric function satisfies the addition formula (see Miller (1968), p 160,
equation (5.15))

(1+b/a)~ (1 +ac) " (a+1)'¢ [s, ik Lx /@ ) }

(1 +b/a)(1 +ac)

o]

= Y eG4 —ki jib)pls = jits—j +hi o) (2.15)

j=—00

where s, t are arbitrary complex numbers (not integers), k is an integer and

1
Bivi) = —— o Fi(o, By + 1, 2.16
¢, B y:2) F(yﬂ)z](aﬁy z) (2.16)
provided that y # —N, where N = 1,2, ... . For the special case y = —N it is necessary to
adopt the alternative definition (see Miller (1968), p 325, equation (A.5))
¢ (o, B; —N; 2) = MZNZFI(N+a,N+ﬂ;N+1;z). (2.17)

N!
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For the purposes of this paper we substitute s = ¢ and £ = 0 in (2.15) and make use of
equations (2.16) and (2.17). Hence, we find that

b\ _ .. (e+b/a)a+]) | o o
(1+;) (I+ac) "2 F, |:l,l‘,1,—(1+b/a)(l+ac)i|—2F|(I,t,l,b)zFl(l,t,l,C)

°° . . b\’
+ Z(—I)J |:(ac)f + (2> }
j=1

t)i(l—1);
) PR+ 1+ 1R 1+ 1) 2.18)
Jj!
Next the standard transformation (Erdélyi et al 1953, p 105, equation (3))
2P Biysn) = —2) 2 Fila,y — B ysz/(z — D] (2.19)

is applied to all the , F| functions in (2.18). This procedure yields the simplified result
+b +1 b
2Fy [r, =1 1; —%} =,F [r, =1 1; ﬁ} 2 F) [r, -1 1 L]

1=b)(1—c) -1
(0;d=1); . b
+Z( 1/ |:(ac)/ ( ) }JUT Fy |:t,1—t;J+1;m:|
%2 Fy [:,1 RS Ll} (2.20)

We now make the substitution a = —(b/ c)!/? exp(iyy) in formula (2.20). Hence, we obtain

N [z, 1—1:1: y(1 = x) +x(1 — y) + 2/xy(1 = x)(1 — y) cos 1/;]

=2F1(l 11—t 1'x)2F1(t, 1—11;y)

(1,1 - [ xy ]f'/z
+2
Z (jH? (I=x)(1—=y)
X 2F1(t, l—t;j+L;x)2F1 (8,1 —¢; j+1;y)cos(jr) (2.21)

where x = b/(b — 1) and y = ¢/(c — 1). Formula (2.21) is valid for arbitrary complex
values of (x, y) provided that (x, y) lies in a sufficiently small neighbourhood of the origin
x=y=0.

It is convenient to introduce the functions

A=A, y)=y(Il—x)+x(1—y) (2.22)
B =B(x,y) =2yxy(1 —x)(1 —y). (2.23)

By solving equations (2.22) and (2.23) we can determine the appropriate algebraic functions
x =x(A, B) and y = y(A, B). These inverse functions enable one to express (2.21) in the
useful alternative form

SRt 1 — 15 1 A+Bcosw) = 2F1(t 1=t 1,902 F (6, 1 — 15 15 92)

(1), (1 — 2/
22 ST [ZB(«/I A—B—\/l—A+B>}

X zFl(t, L=t j+ L0 Fi(t, 1 =15 j+ 1;9-) cos(jyr) (2.24)

where

11 1
Py = 9.(A, B) = E:I:E\/AZ—BZ—E\/(l—A)Z—BZ. (2.25)
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Finally, from the restricted Miller addition formula (2.24) we readily obtain the important
result

1 b
I,(t; A, B) = —/ 2F1(t,1 —1t;1; A+ Bcosyr)cos(nyr) dyr
T Jo

(=0, 1 21"
= [ﬁ<«/l—A—B—«/1—A+B)]

X Fi(t,1 —t;n+1;0),Fi(t,1 —t;n+1;9_) (2.26)

where ¥+ = 94 (A, B) are defined in (2.25). Whenn = 0 and t = % this integral formula is
in agreement with the earlier work of Iwata (1969), Rashid (1980), Montaldi (1981) and Joyce
et al (2003). In the appendix it is shown that formula (2.26) can also be derived by generalizing
the method first developed by Iwata (1969). The disadvantage of this alternative more routine
procedure is that it does not give the deeper insight which is provided by the group-theoretic
approach.

2.3. Product form for G(2n,n, n; o, w)

The application of formula (2.26), with ¢t = %, to the integral in (2.14) yields the required
product form

w2 2
wG2n,n,n; a, w) = ( )

(), (3),

w2 +4 —a? (n!)?
2
w? \/ 2—a)? \/ 2+a)?
el 1= _ /1_
8a w? w?
1 3 13
x 2 F Z,—;n+1;7l+ 2 F Z’Z;’H_l;m (2.27)

where

@ w) =+ w’ £16,/1 o
ne=ni(,w)=-+—m—— - —
2 2(w2+d—a?)’ w?

—(w2—4—a2)\/1—w\/1—(2+?)2]~ (2.28)

The region of validity D(«) in the w plane for (2.27) has been determined by Delves and Joyce
(2006, pp 4130-1) for all @ € (0, 00). A detailed discussion of the analytic and asymptotic
properties of (2.27) is also given in this paper.

3. Results for G(n,n,n; o, w)

In this section we shall derive the , | product form for G(n, n, n; 1, w).

3.1. Fourier generating function F 1 (Y, o, w)

Our main purpose in this subsection is to obtain an exact formula for the general Fourier
generating function
[e.¢]

Fia, o, w) = Z Gn,n,n; o, w)exp(iny) (3.1)

n=—0oQ
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where @ € (0, 00). From (2.4) we find that

1 T[T 1
F S0, W) = —— do; do,. 3.2
1, @ w) (2m)? /,,, /,7, w — acosf —cosb — cos(P — O — 6r) 12 (3-2)

In order to determine (3.2) we shall assume, at least initially, that w is real with
w € (A,00), where A > 0 is sufficiently large. After performing the integration over
6, it is found that

1 4 1
Fra(y, o, w) = — / [02(W, o, w: 6))] > d6, (3.3)

P

where
@Y, a, w; 0;) = (w2 -2+ ocz) — 2(aw + cos ) cos B — 2 sin ¢ sin @ — o’ sin” 0;. (3.4)
Although it is possible to evaluate the integral (3.3) by applying the method of Jacobi (1969,

p 195), we shall find that it is more useful to convert (3.3) into an elliptic integral by making
the substitution # = tan(6;/2). In this manner we obtain

Fiily, o, w) = % /OO (co +4eru + 630 + des® + cqu®) ~ du (3.5)
where -

co=co(¥, o, w) = (w — a)> — 2(1 + cos ¥) (3.6)

c1 = c1(Y) = —sinyr (3.7)

0 =coa,w) = %(w2 —a’—2) (3.8)

c3 = c3(Y) = —sinyr (3.9)

cs=ci(¥, o, w) = (w+a)? —2(1 —cos ¥r). (3.10)

We are now able to use the work of Cayley (1889, 1895) to express (3.5) in the form
Fira(y ) 4(1+14 +2)%F L1 (3.11)
s, w) = | — Xy + X —, = Lix). .
1,1 30 2+ )| 2l 5.5 2
In this formula x, = x, (¢, o, w) is the appropriate solution of the sextic equation
108x(1 — x)* 1

. 7 = _ (3.12)
(1+14x + )62)3 J
where
&
J=JW,a,w) = —=—— (3.13)
& —27¢;
and
@ = o, a, w) = cocy — 4cic3 + 3¢5 (3.14)
g3 = g3(¥, o, w) = cpcacy — coc§ — C%C4 — cg +2cicrc3. (3.15)

The required solution x; of equation (3.12) has a Taylor series representation about w = oo
which is given by

= dj (¢9 (X)

oy (3.16)

Ol2

xo=x0 o w) = ——:
6

4w s
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where do(, o) = 1,

di (Y, &) = (2¢” + 1) cos ¥ (3.17)
1

dr(v. @) = 7| (180 + 3207 + 1) + 20 (a” +2) cos2y) |. (3.18)

Cayley (1889, 1895) has proved that the other solutions of equation (3.12) are 1/x, and
4

1
1 —ifx;

— | k=0,1,2,3¢. (3.19)
1 +ikx,)

We see, therefore, that x, = x, (¥, o, w) is the only solution which tends to zero as w — o0.
The problem of deriving an explicit closed-form expression for x, can be avoided by
applying the transformation formula (Goursat 1881, p S.142, equation (136))

11 - 1 5 108x (1 — x)*

,Fy (—,—;1;x> = (1+14x +x%) ", Fy —,—;1;L’C)3 (3.20)
2°2 122127 (14 14x +x2)

to the , F; function in (3.11). Hence, we obtain the much simplified result

N

Foatoam = () m (L 20 (3.21)
wJs 1,1 ,o, W) = 3g2 247 12’ 127 B 7 .
where
4
=5 [0 22+ + (2 ~ 1) ~ 6awcos v ] (3.22)

3
J= %(w +acosy) 2 [u)4 —2(c +2)w’ + (o — 1)2 — 60w cos 1//]
X [8a2w4 +8aw’ cos ¥ — 2(8a* + 200 — 1)w? — 360w (2a” + 1) cos ¥

-1
+(80® — 24a* — 30 — 8) — 270 cos(zw)] . (3.23)

When the variable x is real the Goursat transformation (3.20) is valid provided that
~LW3-1)" < x < (V2= 1)" Ttis clear from (3.16) that x, will always satisfy this
restrictive condition when w € (A, 0o), where A > 0 is sufficiently large.

A more detailed analysis shows that the final result (3.21) is, in fact, valid in a region
Dy (¢, ) of the cut w plane which includes a neighbourhood of the point w = oco. The
boundary of D, (1, a) consists of a point set defined by {w : [J(¥, o, w)]™' € [1, 00)}.
When w & D,(, ) it is necessary to replace the , F; function in (3.21) by its analytic
continuation on a second Riemann sheet. We can construct this analytic continuation by first
applying the transformation formula (Erdélyi et al 1953, p 111, equation (10))

1 11 1
2 F (a, b;a+b+ E; z) =,F (Za, 2b;a+b+ E; 57 z\/l — z> (3.24)
to (3.21). Hence, we find that

Fia(¥, o, w) = dut ' (st LT (3.25)
w 1,1 , O, W) = 3g2 21071 6367 12 2 J .

where g, = g (¥, o, w) and J = J (¥, o, w) are defined in (3.22) and (3.23), respectively.
This formula is valid for all w € D, (), o). The analytic continuation of w7 ; on the second
Riemann sheet can now be obtained by simply changing the sign of the square root in (3.25).
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3.2. Product form for G(n,n,n; 1, w)

In order to investigate the existence of an , F; product form for G (n, n, n; o, w) we shall now
consider the further transformation formula (Goursat 1881, p S.140, equation (126))

F 1 5 ! 64x3(1 — x) ! 8x F 12 F (3.26)
—, — 1, — | = _ — X .

' 9—=8x)3 9) *\33

This formula is valid when |x| < %(3 -3 ) If we apply (3.26) to the , F; function in (3.21)

it is found that

(v ) 4wt ] 8x3 i F 1 2 ] 3.27)
wF w) =|—— - — -, = 1; .
1,1y, &, 32 9 21 33 5 X3

where x3 = x3(1, o, w) is a solution of the quartic equation

64x>(1 —x) 1

—_ == 3.28
(9 — 8x)3 J (3:28)
which tends to zero as w — o0.
The four solutions of equation (3.28) are expressible in the closed-form
24 —1

W J 1 (I 2
xyl=31+—|x/1l=——+ [2/l+—+—5—|1+— (3.29)

9 J3 Ji J3 Ji

@) IS | 1 1 1 2
xy=31—— &£/l ——+ [2/]l4+ —+—=F+|1+— (3.30)
9 J3 Ji J3 Js

where J = J (¥, &, w) is defined in (3.23). It follows from (3.29) and (3.30) that x\" and x{”
all tend to zero as w — oco. We can, therefore, take any one of these solutions as the required
solution x3. However, it is particularly instructive to associate x3 with x{". We find that the
solution x!" has a Taylor series representation about w = oo which is given by

e (Y, a)]

O = v (Y, o, w) = * |:1 + —(Za + 1) cos +Z (3.31)

k=2
where the coefficient e; (v, «) is a function of ¥ and «.

For general values of € (0, 00) it is evident from (3.23) and (3.29) that x3 is a
complicated function of (i, &, w) which cannot be reduced to the restricted Miller form
A + Bcosy. However, for the special case ¢ = 1 the quartic equation (3.28), with
J = J(, 1, w), is expressible in terms of a product of two polynomials of degrees 1 and 3 in
the variable x. The linear factor yields the simple result

x3=x3(¢, 1, w) = 27 (w+c0s V). (3.32)

We see from (3.32) that the coefﬁcwnts {ex (Y, ) 1 k =2,3, ...} in expansion (3.31) must all
be zero when o = 1. If equation (3.32) is substituted in (3.27) we obtain the important result

2

27
wFii(, 1, w) =12F [3 3 0 1 ™ 3(u)+cosx[f)i| (3.33)
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Formula (3.33) is valid in a region D53 () of the cut w plane which includes the neighbourhood
|lw| > 3. The boundary of D5(y) lies inside the circle |w| = 3 and consists of the point set
{w:x3(4, 1, w) € (As, 00)}, where

Az = As(¥) = Max [1, (3.34)

1
cos? w:| '

For the special case ¥ = 7 formula (3.33) is valid throughout the w plane provided that a cut

is made along the real axis from w = —3*75 tow = %3
It follows from (3.1) and (3.33) that
1 [ 12 27
wG(n,n,n; 1, w) = — 2Fi | =, = 1; — (w + cos ) | cos(nyr) dir. (3.35)
T Jo 3°3° T 4u?

We now apply (2.26) with t = % to the integral in (3.35). This procedure leads to the required
product form

(3),3), [v N . (12
wG(n,n,n;l,w):W 3 1 — l_ﬁ 2F1<§,§;n+1;§+)

12
X Fil=,=in+1; & (3.36)
33

1 [ 9 [ 1
éissi(w)zﬁ[4w2+(9—4w2) - —+27 I_E] (3.37)

The region of validity D, in the w plane for (3.36) has been determined by Joyce and Delves
(2004, p 3664). A detailed discussion of the analytic and asymptotic properties of (3.36) is
also given in this paper.

Finally, we note that formula (2.11) for w7, ; (¥, @, w) can also be established by applying
the method of Cayley (1889, 1895) to the integral (2.5). This alternative procedure involves
the transformation (Goursat 1881, p S.138, equation (118))

15 2721 —x) 3x\ 13
P | —= = —————|=(1l——) 2| -. = Lix ). (3.38)
12°12° (4 —3x) 4 44

4. Recurrence relations

where

In this last section we shall use the Fourier generating functions to derive recurrence relations
for G2n,n,n; a, w) and G(n, n, n; a, w).

4.1. Recurrence relation for G(2n, n, n; o, w)

In the first stage of the analysis we write the Fourier generating function (2.11) in the form
w? P 13 ] @1
wh=|\—5——7— - = 1; .
! wi+a—a2) P N\g gt

2 2\ 42 -1
Z=4[2(2w o) +a (522+S2 )] “2)
(w?+4 —a?)

l—

where
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and Q = exp(iyy). We can now use this formula and the standard hypergeometric differential
equation (Erdélyi et al 1953, p 56, equation (1)) to show that

02 F dF:
8922’1 + Py, w; Q) ==L + Pya, w; Q) F; =0 4.3)

Po(or, w; Q) aé

where
Pole, w; @) = 42322 — 1)[?Q7 +2 (202 - &) 2 + &7

x [4022% = [w? =20 (o +4) + (o +16) |2 + 4o} (4.4)
Pi(a, w; Q) = 492{805495 — ozz(w2 +4w —a? — 4)(w2 —dw—ao®— 4)

x (2 = 492 — 1) - 160*Q" + 4[20° — (5 + 16)w’

+4(a* + 207 + 8)u? — (o + 60 + 16) |2 45)
Py(ar, w; Q) = 3} (22 — 1), (4.6)
Next we substitute the generating function series (1.4) in the differential equation (4.3). In
this manner we obtain the following seven-term recurrence relation:
o*@n+9)@n +11)GY, — a*(dn — 9)(4n — 11)G'",

— 4o’ (w? +4w — a® — 4)(w? — 4w —a® — 4)

x [(n +22G, +4nGD — (n — 2)20,(,132]

—8w?[2u* — (5a? + 16)uw? +4(a* + 207 +8)

x [(n + D +2)GY = (n— D(n — 2)G,ﬁ‘31]

+a2[8(a4 +20% +16)n? + (160 + 8702 + 256)] G0 —6M)

+8a’n(3a* + 1402 +48) (G'), + GV ) =0 “.7)
where G\ = G(2n,n,n; o, w) and n = 0, £1, £2,.... Delves and Joyce (2006, p 4143)
have also given a five-term relation for G which was derived by extending the methods

developed by Iwata (1979). This shorter relation is of degree 3 in the variable n.

4.2. Recurrence relation for G(n,n,n; o, w)

We can derive a recurrence relation for the diagonal Green function G(n,n,n; o, w)
by applying the method described in the previous subsection to the Fourier generating
function (3.21). A complicated calculation eventually leads to the following eleven-term
relation:

9 w[81n(GLs + GLs) + (9n* +182) (GPs — G)|

- 12a3n[16w4 — 9(220 +23)w? + 54(a? — 1)2] (G2, +G2,)

— 120 [ 2w* — 27(e? + u? +9(a> — 1)]
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+[32u* - 2(18207 + 199)uw? + 77(o* = 1)° (G2 - G2)

— own|16(3107 + 26)u* — 8(284a* + 8630 +311)u?
+3(5920° — 6960 — 9510 +488) | (G + GL)
—oPun?[16(507 + 4)w* - 8(52a* + 1390 + 52)u?
+3(1120° — 1200 — 1770% +104) | + 6[ 16(8a> + 7)w?
—8(65a* + 2230 + 78)u? + (3920° — 5080 — 643a” +276) ||

% (G2

n+3

— G2) — 16an[4(4a’ + 1502 +2)u*

— (48a® +296a* +3260* + 41)w* +3(16¢® + 520° — 225¢* — 130” + 8)w?
— (@ = 1)*(160° — 480" — 330% — 16) | (G + G,)

— 8o fn?[4(20* + 607 + 1)u® —2(120° + 68a* + 68> + 11)w?

+3(8a" + 240 — 930* +o® +6)w? — (a? — 1)’ (80" — 24a* — 307 - 8)
+[16(20* + 90+ 1w — 4(240® + 1600 + 19007 + 19)us*

+6(160® +560° — 262a* — 270* + 4)w?

— (@ = 1)’ (320 = 96a* — 1050° — 32) |} (G, - G2,)

— 2wn[ 960> (20 + 1)w' — 8(72a° + 67" + 560> — 3)w*

+4(1440® — 4120° — 1129a* — 250 — 36)w?

—3(64a'" — 696a® + 1012a° — 130* — 600> — 64)]((}5331 +G2))
—2w{n?[323(207 + 1) — 8240 + 270 + 2202 — 1)u*

+4(480® — 760 — 247a* + 440” — 12)w?

— (64 — 4880" +8200° — 415a* + 164a” — 64)]

+2[3207 (20 + 1)u — 8(24a® + 200" + 170% — 1)’

+12(160® — 530° — 147a* — 100” — 4)w?

— (64a" — 7640 +10900° + 107a* — 180> — 64) |} (G2, — G2

- 8an[16(a2 +1)(20% + 1)w® — 4(240° + 1120 + 76¢* + 25)w*

+3(320® + 800® — 3420" — 530 + 40)w?

—2(® — 1)*(16a® — 48a* — 330> — 16)](;5,2) =0 (4.8)

where G? = G(n,n,n; 0, w)yandn =0, £1, £2, ....

The recurrence relation (4.8) has been used to investigate the detailed asymptotic

behaviour of G(n, n,n; o, w) as n — o0o. We hope to discuss this application in a future

publication.
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Appendix. Alternative evaluation of the integral I,,(t; A, B)
In this appendix we shall evaluate the integral
1 T
I,(t; A, B) = —/ 2Fi(t,1 —t;1; A+ Bcosyr)cos(ny) dyr (A.1)
T Jo

by generalizing the method of Iwata (1969). In the first stage of the analysis we apply the
Gaussian hypergeometric series to the , F function in (A.1) and then integrate term by term.
This procedure gives

, o O (L = O
I(t; A, B) = ;) oy San(ALB) (A.2)
where
Enm(A, B) = % / (A + B cos ¥)" cos(nyr) di. (A.3)
0

We shall assume that |A| and |B| are sufficiently small to ensure the convergence of the
series (A.2).
Next the integral (A.3) is expressed in the alternative form

2
Bnm(A, B) = e / [1+ pexp@iy)]"[1 + pexp(—iy)]™ cos(nyr) dyr (A.4)
0
where p = (y_/v,)"/? and
1
yizyi(A,B):§<A:|: AZ—BZ). (A.5)

The integral (A.4) can be readily evaluated using the method of residues. Hence, we find that

m-—n m m )
B, m(A, B) = p"y" 2, A.6
wm(A, B) =p y+j2=(;<j><n+j>'0 (A.6)

We now substitute (A.6) in (A.2) and interchange the order of the two summations. After
some algebraic simplifications we eventually obtain

(a1 = D)y
(n!)?
where Fy(a, B; v, y'; x, y) is an Appell hypergeometric series of two variables (see Erdélyi

et al (1953), p 224). From the work of Bailey (1933, 1934) it is known that

Fyla, B; v, a+B—y+1L;x(1—y), y(I —x)] =2F1(a, B; y; x) 2 Fi(a, B;a+B —y + 15 y).

I,(t; A, B) = Oy )"PEm+t,n+1—tn+1,n+ 15y, y0) (A7)

(A.8)
This result is valid inside simply-connected regions surrounding x = 0, y = 0, for which
(1= ) +y( =) < 1. (A.9)
The application of (A.8) to the Fy series in (A.7) leads to the product form
I,(t; A, B) = %(yw_)"/zzﬂ(n tt,n+l—t;n+1;0,)
X Fi(n+t,n+1—t;n+1;9_) (A.10)

where ¥4 = 91 (A, B) are defined in (2.25).
Finally, we use the standard formula (Erdélyi et al 1953, p 105, equation (2))

JFin+t,n+l—t;n+1;0) =0 —-9)"2F @, 1—t;n+1;09) (A.11)
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to write (A.10) in the required form
01 =10, [ 1 27"
L(t; A, B) = 2D —< 1—A-B- 1—A+B)
( ) )2 7B v v
o Fi(t, 1 —t;n+1;00)2F (6,1 —t;n+1;9). (A.12)

This result is in agreement with (2.26) which was derived from the Lie group addition
formula (2.15).
The evaluation of 1,,(t; A, B) can be simplified when B = A. For this special case, we

find that
2m)! A\"
En(4, A) = —— (4 (A.13)
' nm+m)!(m —n)! \ 2
and (A.7) reduces to
(Oa(L—0)y (A" 1
L(t; A,A) = —— | = | sBh|n+t,n+l—t,n+—;n+1,2n+1;24 ). (A.14)
(n!)? 2 2

We can now use the theorem of Clausen (1828)

2
3> (205, 28,0+ B;a+ B+ %,2a+2ﬂ; z) = |:2F1 (oz,,B;ot+,3+ %;z)] (A.15)

to write (A.14) in the form

LA A= D =D (A ' Ak ! 1—1):n+1;24 ’ A.16
w(t; A, )—W<E) {2 1|:§(’l+f),§(n+ —1);n+1; :H (A.16)

The application of the transformation formula (3.24) to the , F in (A.16) gives

D1 =10, (A" 11 2
I,,(I;A,A)z()(—)<—> |:2F1<n+t,n+1—t;n+1;E—§v1—2A>:| .

(n!)? 2
(A.17)
This result is in agreement with (A.10) when B = A.
Finally, we note that this alternative method can also be used for the case B = — A because
Enm(A, —A) = (=1)"Epn(A, A). (A.18)
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